Beamstrahlung is studied for bunches with densities that are transversely non-uniform. By treating an interesting special case analytically, one elicits the consequences of the new stationary phase conditions. Focusing effects are found to be relatively unimportant on the global radiated rate. Results are compared with the previously known case of uniform cylindrical bunches.
Introduction
Over the past few years, interest in electron-positron colliders operating in the TeV energy range and higher has prompted a detailed study of beamstrahlung in the deep quantum regime [1] . The specific features thus ascertained are very relevant to the design of such machines.
The first studies of the radiative effects expected in bunch-bunch collisions under high-energy and high-density conditions were conducted with the approximation of uniform cylindrical bunches [1, 2] . Specific features associated with more realistic longitudinal bunch shapes and with fluctuations in longitudinal bunch densities were later analysed [3] . Questions associated with the variations of the transverse density of the bunch, however, have not so far been addressed in a systematic way. This deserves attention since one may a priori expect considerable changes from the radiation met with cylindrical bunches. One may perhaps suffer from some strong focalization effects, and resulting enhancements of a rainbow type, as radiation occurs in zones of different transverse densities.
One may also find interest in the radiation which occurs when the electron misses the bunch of positrons while traversing the intense field region associated with the bunch. This latter case is very similar to that met in channelling, with its intense radiation by electrons (posi- The reader familiar with beamstrahlung calculations is well aware of the technical difficulties encountered when one departs from the cylindrical approximation. Most of the radiation originates from the zone of stationary phase. For an electron traversing a cylindrical bunch, with a small disruption factor, the stationary phase conditions impose an impact parameter r, which is directly determined by the transverse momentum taken by the traversed bunch, A~. Namely:
where R is the bunch radius and where N is the number of particles in the bunch. The integration over transverse co-ordinates, which is part of the calculation of the radiation amplitude, can then be simply performed by the method of stationary phase, and the relevant impact parameter value can be substituted in the equation for stationary phase in the longitudinal direction [2] . If one now considers a transverse bunch shape, with a density which rises and falls in some continuous way, the one-to-one relation between recoil momentum and impact parameter is lost. In the simplest case, there are now two solutions whereby the electron classically goes through the same average field and radiates the same way, but at two different impact parameters.
The uniform cylindrical bunch case is sufficiently simple for an analytic treatment to be carried out completely. We study here an example of a transversely nonuniform bunch which offers the same advantage. This turns out to be possible with the density distribution 1 ( R2 ) ~ '
which is here normalized to unity. This density distribution is closer to a realistic bunch shape than a uniform cylinder. The fall-off at large r, being algebraic, may not be quite fast enough. Thus, in this respect, realistic bunch shapes are actually bracketed by two cases which can both be treated analytically.
This sheds more light on the key features of the radiation process and the results obtained can be used as a guide for numerical calculations based on arbitrary transverse shapes.
Since we here wish to focus on the specific features associated with the two solutions found for the impact parameter, we simplify the rest of the problem as much as possible, considering a uniform bunch in the longitudinal direction and treating the motion of the electron with a Klein Gordon equation. The results, however, are such that the extra features associated with varying longitudinal densities and with the use of the Dirac equation, which have been studied in the case of a uniform transverse density so far [1], can be readily extended to the new situation, at least when some realistic approximations are made.
In order to avoid duplication, we make extensive use here of the paper quoted in [2] , which should be considered as a companion to the present one. We follow the same notations and refer extensively to the relations derived in that paper.
Stationary phase conditions
We take potential for a bunch of length Lb:
Z> Lb/2
As usual and only a value the radial bunch density (2) and calculate the (3) [2, 3], we work in the rest-flame of the bunch the electric field is relevant. It is radial with
Ne 2r
It goes through a maximum at r = R, but the value of the field there is half of that met with a uniform bunch with the same global charge [2] . As a result, the maximum transverse momentum transferred by the bunch is only half of the value 2N~:/R found for a uniform cylindrical bunch. We next calculate the phase of the electron wave function using (7) and (8) of [2]. We obtain, for
Izl<(Lb/2):
We work with a distorted wave Born approximation and it is the phases of the initial and final electron wave functions which enter the calculation of the radiation amplitude. These expressions show similarities to and differences from those previously obtained in the case of a cylindrical bunch and which are given by (11) of [2] .
Here the xz plane is chosen as the bending plane, defined by the momenta ki and kf of the incoming and outgoing electrons with ki = k~. The phase of the radiation amplitude, which was given by relation (13) of [2] , is now found to be (Iz[ <(Lb/2)):
There are similar expressions for z<--(Lb/2) and z >(Lb/2), which are not explicitly written since we shall focus on the bulk of the radiation obtained for
]zl<(Lb/2).
The stationary conditions with respect to the transverse co-ordinates are controlled by the terms in the first parenthesis of (6) [2] . They contribute to the total phase the quantity
The points of stationary phase are given by the equations: 
A simpler linear relation was bound to the uniform cylindrical bunch ( (14) 
